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Abstract
In the paper, there are new found methods to determine the range of
every exceptional element in exceptional set, we can solve Twin
primes problem and Goldbach Conjecture problem basically.
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1 §1
As the writer of ”Sieve Methods” (i.e.[1]) indicates, for Twin primes problem
and Goldbach Conjecture problem, they belong to the same problem.
We can expand all conclusions (e.g. the result in [2],these results before the
1980s.) of Goldbach Conjecture problem to solve the problem of the twin prime,
and vice-versa.
The problem of exceptional set exists in Goldbach Conjecture problem(cf.[2])
after the three primes is proven. Therefor, the problem of exceptional set also
exists in Twin primes problem, and their distribution of the exceptional element
are same.
We have the expression of exceptional set in Goldbach Conjecture problem as
follows.
Let x be a larger positive integer.
non-Goldbach number := {n 6= p1 + p2, 2 < p1 ≤ n, 2 < p2 ≤ n, 2|n}
Eg(x) := {a : a = non-Goldbach number n, 2 < n ≤ x}
and for the number of all element in Eg(x) set, we express it as Eg(x).
In (x/2, x], for all even number n except Eg(x) exceptional values,(cf.[2,3])
,we have
Dg(n) = 2C(n)
n
ln2 n
+O(
x(ln lnx)3
ln3 x
) (1)
where
C(n) =
∏
p>2
(1− 1
(p− 1)2 )
p|n∏
p>2
p− 1
p− 2
and Dg(n),cf.(10)
Eg(x)≪ x
lnA x
(2)
3
where, A be an any give positive, and the contained constant depending on A.
Here, In Twin primes problem,
C(n) =
∏
p>2
(1− 1
(p− 1)2 )
For the exceptional set of Twin primes problem, to the sieve function eye,we
have
Ag := {a : a = n− p, 2 < p ≤ n, 2|n}
where Ag which is in the sieve function Sg(Ag, P, z) of Goldbach Conjecture
problem be a set.
At := {a : a = p+ 2, 2 < p ≤ n, 2|n}
where At which is in the sieve function St(At, P, z) of Twin primes problem
be a set.
As for Eg(x),an even number n is an exceptional element when all n− p are
not the prime in Ag.
To Et(x) of Twin primes problem, it is the same with Eg(x) of Goldbach
Conjecture problem. i.e. An even number n is an exceptional element when
all p + 2 are not the prime in At. This conclusion developed from the Eg(x)
of Goldbach Conjecture problem. Their distribution of the exceptional element
are same. On this, we have
Dt(n) = 2
∏
p>2
(1− 1
(p− 1)2 )
n
ln2 n
+O(
x(ln lnx)3
ln3 x
) (3)
where Dt(n), cf.(11).
Et(x)≪ x
lnA x
(4)
where, A be an any give positive, and the contained constant depending on A.
2 §2
We quote the increment to the sieve function of Twin primes problem. And the
fundamental properties of sieve function as follows.
(i)S(A,P, z1) ≤ S(A,P, z2) , (z1 ≥ z2) (5)
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(ii)0 ≤ S(A,P, z) ≤ |A| (6)
(iii)S(A+∆A,P, z) = S(A,P, z) + S(∆A,P, z) (7)
Here, |A| be a number of all element in set A. ∆A be the non-empty subset
of set (A+∆A),and we also call it after an increment of set A. Its number is
|∆A|. To A and ∆A, their cap is an empty set φ.i.e.
A ∩∆A = φ
Then
S(A+∆A,P, z1) = S(A,P, z1) + S(∆A,P, z1)
< S(A,P, z2) + |∆A| (8)
Where z1 > z2.
So,for three expressions in (8), if we know two expressions of they, then another
of they has the upper or lower bound.
When we apply (8), (3), (4) and Drawer principle to the exceptional set of
Twin primes problem, for 2(Et(x) + 1) natural numbers in a closed interval of
the natural number, {2|M, [M,M + 2Et(x)], (x/2 < M,M + 2Et(x) ≤ x]},if an
even number which is one of two endpoints is an exceptional element,then the
non-exceptional element which is an even number in this closed interval must
exists. And the difference between this two even numbers less than or equal to
2Et(x). Besides, for §3,the exceptional element is the right endpoint. On this
|∆A| ≤ 2Et(x)
and S(A,P, z1) or S(A,P, z2) which one of they in (8) be the Dt(n) of (3). At
this very moment, A > 4 in (4),we have
|∆A|
Dt(n)
−→ 0 , x→∞
So, we must know that an exceptional element of Twin primes problem which
is the another of they has the upper or lower bound. As for an exceptional
element of Goldbach Conjecture problem, by the §1, it also has the upper or
lower bound.
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3 §3
When even number n1 > n2, if the expressions of Dt(n1)−Dt(n2) as (15), (16)
and (17), then we can determine the range of every exceptional element in ex-
ceptional set of Twin primes problem. So, for α and β sequence of number as
follows.
i 1 2 3 ....... n-1 n
\alpha 1 2 3 ....... n-1 n , 2|n
\beta_g n-1 n-2 n-3 ....... 1
\beta_t 3 4 5 ....... n+1 n+2
First, by Eratosthenes’ sieve, we have all primes in α and β sequence of
number. Second, we map the process that sieve β sequence of number into α se-
quence of number. The manner of mapping be nαi + nβgi = n or nβti − nαi = 2.
And we also sieve out these number which was mapped in a sequence of number.
Then, we have (10) and (11). Let P is the prime set in [2, n], its number |P | is
pi(n). i.e.
P := {p : 1 < p ≤ n} , |P | = pi(n)
For α sequence of number, we have the prime theorem as follows.
pi(n) = n+
∑
d|
∏
p∈P
p
µ(d)[
n
d
] +O(pi(
√
n)) (9)
After the mapping, for Goldbach Conjecture problem
Dg := {a ∈ P : a = n− p, 2 < p ≤ n, 2|n}
Dg(n) = |Dg|
(cf.P and |P |) i.e.
Dg(n) = pi(n) +
2|n∑
d|
∏
p∈P
p
µ(d)pi(n, d, n (mod d)) +O(pi(
√
n)) (10)
By the same manner, for Twin primes problem
Dt := {a ∈ P : a = p+ 2, 2 < p ≤ n, 2|n}
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Dt(n) = |Dt|
(cf.P and |P |) i.e.
Dt(n) = pi(n) +
2|n∑
d|
∏
p∈P
p
µ(d)pi(n, d, d− 2) +O(pi(√n)) (11)
It may be seen ,when n→∞ ,we have the following
Dg(n) −→ pi(n) +
2|n∑
d|
∏
p∈P
p
µ(d)pi(n, d, n (mod d)) (12)
Dt(n) −→ pi(n) +
2|n∑
d|
∏
p∈P
p
µ(d)pi(n, d, d − 2) (13)
where d−2 of the second term does not change with n ,and this second term
be the element number of a union of set. i.e.
−
2|n∑
d|
∏
p∈P
p
µ(d)pi(n, d, d − 2) = |
⋃
2<p≤√n
{a ∈ P : a ≡ p− 2 (mod p)}|(14)
(cf. P and |P |).
So, when even number n1 > n2 , Let
P1 := {p : 2 < p ≤ n1}
P2 := {p : 2 < p ≤ n2}
∆P := {p : n2 < p ≤ n1}
Then
Dt(n1)−Dt(n2) −→ pi(n1)− pi(n2)−
− |
⋃
2<p≤√n1
{a ∈ P1 : a ≡ p− 2 (mod p)}|+
+ |
⋃
2<p≤√n2
{a ∈ P2 : a ≡ p− 2 (mod p)}| (15)
(cf.(13))
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Suppose,
set1 := {a ∈ P2 : a ≡ p− 2 (mod p),√n2 < p ≤ √n1}
set2 := {a ∈ ∆P : a /∈ ∆P ∩ {b ∈ ∆P : b ≡ p− 2 (mod p), 2 < p ≤ √n1}}
Then
Dt(n1)−Dt(n2) → −|set1|+ |set2|
< |set1|+ |set2| (16)
(cf. P and |P |),where
set1 ∈
⋃
2<p≤√n1
{a ∈ P1 : a ≡ p− 2 (mod p)}
Now we evaluate the value of |set1| and |set2|.
0 ≤ set2 < |∆P | < n1 − n2 , (cf.(6), P and |P |)
0 ≤ set1 < n2
pmin
(
√
n1 −√n2) < [(√n1n2)− n2] < (n1 − n2)
where pmin → √n2, cf.√n2 < p ≤ √n1
So,
0 ≤ Dt(n1)−Dt(n2) < O(n1 − n2) (17)
When A > 4 in (4), every exceptional element in Twin primes problem
are evaluated as the ending part of §2. Thus we solve Twin primes problem
basically.
By the same manner, every exceptional element in Goldbach Conjecture problem
are also evaluated. Thus we also solve Goldbach Conjecture problem basically.
(end)
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